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Abstract 
We define the tangent set of a given point set of PG(n,q) and give some examples. The 
tangent sets of hyperplanes, arcs, quadrics and Hermitian varieties are investigated. 
1. Introduction 
In this paper we investigate the point-line configurations which are formed by the 
tangent lines of  a point set in Galois spaces of  odd order. 
Definition 1.1. Let o,~ be a point set in PG(n,q). A set g is called a tangent set of  
if ~ is not contained in a hyperplane and the line joining any two points of  g is 
a tangent of  j~r. 
Let us denote the cardinality of  ~r by k and the cardinality of  ~ by e. 
There are two basic types of  problem: 
(1) Given e, characterize ~.  
(2) Given ~,  what is the maximum value of  e? 
A problem of type (1) was studied by Blokhuis, et al. [1]. They showed that the 
cardinality of  a set in a Desarguesian plane without tangents is at least q + x /~/4  + 2. 
In our notation this means that if n = 2 and e = 0, then k > q + x /~/4  + 2. In Section 
3 we prove a theorem on sets with large tangent sets; namely, if e is large enough, 
then oU is a hyperplane, 
Problems of type (2) when ~ is a conic or a Hermitian arc have already been 
studied. Recently Bruen and Fisher [2] gave a common solution for these two cases. 
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In Section 2 we give the solution for quadrics in higher dimensions and for a special 
class of Hermitian varieties in three dimensions; we also give an estimation of the size 
of the tangent set of a plane arc. 
2. Theorems of type (1) 
Theorem 2.1. Let ~ be a non-singular quadric in PG(n, pr), p an odd prime. 
(a) I f  p does not divide n, then either e = n ÷ 1 or )U has no tanoent set. 
(b) I f  p divides n, then either e = n + 2 or 9U has no tangent set. 
Proof. Let us denote the coordinate vector of the point A by a. Suppose that the non- 
singular quadric .~ has a tangent set ~ which contains the points El,E2 . . . . .  En+l . . . . .  
It follows from the definition of the tangent set that there are n ÷ 1 points among 
the Ei which are not in the same hyperplane. So we may assume that the points 
El,E2 . . . . .  En+l are not contained in a hyperplane. 
Let Tij be the common point of the line EiEj and ~. We define the centre of the 
simplex by induction on n. When n = 2, the point Tij will be called the centre of 
the one dimensional simplex EiEj. When n = 3, the three lines joining a vertex and 
the point where the opposite side of the triangle meets ~ have a common point. The 
proof can be found in [8, p. 271]. Let us call this point the centre of the triangle. Now 
suppose that we have defined the centre of the simplex when the dimension is less than 
n, and let us denote the centre of the simplex E1E2... Ei- lEi+l.. .En+l by Ci. Consider 
the n ÷ 1 lines joining the points Ci and El. Any two of these lines are contained in a 
plane, because the lines EiCj and EjCi meet in the centre of the (n - 2)-dimensional 
simplex E1 ...Ei-lEi+! ...Ej-IEj+I ...En+l. As not all of these lines are in the same 
plane, so they have a common point. 
We can choose the points E1,E2,... ,En+l as the points of reference with Ei having 
coordinate vector 
ei = (0,0 . . . . .  0, 1,0 . . . . .  0), 
with 1 in the ith place; also take the centre of the simplex E1E2...En+l as  the point 
(1, 1 ... .  ,1). Let the matrix of the quadric ~ be 
A = 
all a12 ... aln I 
anl an2 ... ann/  
Let Pij,...,k be the point for which ith, jth . . . . .  kth coordinates are 1 and all other 
coordinates are 0. It follows from the definition that the centre of the simplex EilEi2... 
Eik is Pil,iZ,...i~. So the line EiEj is a tangent o ~U at Pij for all i and j. This means 
that Ei and Pij are conjugate points in the polarity induced by ~.  If  Pij has coordinate 
J. W.P. Hirschfeld, G. Kiss~Discrete Mathematics 155 (1996) 107-119 109 
vector Pa, then e iAp  T : 0 for all i and j, from which we obtain that aij +aii = O. 
Hence the non-singular quadric ~ has a tangent set if and only if the matrix of  3 is 
A = 
-1  1 . . .  1"~ 
) 1 -1 . . .  1 
1 1 . . . -1  
(1) 
It is easy to calculate that detA = (1 - n)2 n. If n is odd, n = 2k + 1, then .~ is 
hyperbolic or elliptic according as ( -1 )  ("+1)/2 detA = (--1)k+lk(2k+l) 2 is a square or a 
non-square lement of GF(pr). Hence an elliptic or hyperbolic quadric has no tangent 
set in PG(2k + 1, pr)  according as ( -1)k+lk is a square or a non-square in GF(pr). 
Let En+2 be the point (bl, b2 . . . . .  b,+l). The line EiEn+2 is a tangent line of  .~; so 
there exists a unique t E GF(pr) \{0} such that the point tei + e,+2 is on .~ and the 
points ei and tel + e~+2 are conjugate for all i ~< n + 1. So eiA(tei + e~+2)T = 0, from 
which we obtain 
n+l 
t=bl +b2+'"+b i - i  -b i+bi+l  +" '+bn+l  :Z~-2b i .  
j= l  
The points (b l ,b2 ,  b ~-~n+l b j _b i ,  b i+ l  . . . .  bn+l) are on .~, and so the equation • . . ,  i--1, /' ~j= 1 
(tel + e.+2)A(tei + en+2) y = 0 becomes 
/~i = 0, (2) 
where 
n+l  2 n+l 
~i = (Zb j -b i )  -~b2÷b 2. 
j= l  j= l  
(3) 
Setting fli = flk gives 
(~b j -b i -bk) (bk -b i )=O.  
~--~n+l ~-.~n+ 1 
I f  bi ~ bk and bi ~ bt, then z_~j=l bj - b i - bk  = z_.~j=l b j  - b i - bt; so bk = bt. This 
means that there are at most two different values among the bj. We may assume that 
~-'~n+l m of the bj are equal to c, and the other n + 1 - m are equal to d. Hence z._~j=l bj = 
~-~n+ 1 ~'~n+ 1 b" mc + (n + 1 - m)d; so, if bi 7 A bk, then 0 --- z_~j=l bj - bi - bk, and z..,j=l J = c + d. 
But substituting this in Eq. (2) we obtain 
n+l  2 
c2= ( j~- lb j -b i )  - j= l  b}-b~=(m-1)c2+(n+l -m)d2  
110 J.W.P. Hirschfeld, G. Kiss~Discrete Mathematics 155 (1996) 107-119 
i f  bi = c, and 
n+l 2 n+l 
d2=(Eb j -b i  ) =Eb2-b~=mc2+(n-m)d  2 
j=l j=l 
i f  bi = d. Subtracting these two equations gives 
c 2 _ d 2 = d 2 _ c2; 
so either c = d or c = -d .  We may assume in both cases that c = 1; so d = -4-1. I f  
c = d = 1, then from Eq. (2) we obtain 
(1 + 1 +. . .+  1)2=1 + 1 +. . .+  1. (4) 
• y Y • 
n n 
I f  c = -d  = 1, then we have 
1=1+1+. . .+1.  (5) 
I f  p divides n, then (4) always holds, which means that the point En+2 = (1, 1 . . . . .  1 ) 
together with the Ei, i = 1 ,2 , . . . ,n  + 1, form a tangent set of  2, and in this case e = 
n+2.  
Finally i f  (5) holds or if p does not divide n, but (4) holds, then n - 1 must be 
divisible by p. So in this case -~ is a singular quadric, because detA = (1 -n )2  n = 0. 
The theorem is not true for singular quadrics. I f  o,~ is a repeated hyperplane, then 
e = p'~. There are also non-trivial counterexamples; see for instance Example 2, where 
e=n+5.  
Now we turn to Hermitian varieties, in particular curves and surfaces, all of  which 
will be non-singular in these considerations. 
Definition 2.2. In PG(2, q2) a Hermitian curve Jg  and a circumscribed triangle A are 
compatible i f A and the corresponding inscribed triangle A' are in perspective. 
The following lemma will not actually be used but answers the question raised by 
this definition. 
[,emma 2.3. Let ~,~ have equation 
ayz  q + aq yqz q- bzx q + bqzqx q- cxy  q q- cqxq y = 0 
and let A t be the triangle of reference. Then ~,~ and A are compatible if and only if 
q is odd and abc E Fq. 
Proof. The condition that ~ is non-singular is that abc + (abc)q ~ O. The condition 
that A and A t are in perspective is that abc - (abc) 2q-l = 0. The lemma follows. 
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Definition 2.4. In PG(3, q2) a tetrahedron 5- is circumscribed to a Hermitian surface 
if every edge of 5" is a tangent o ~('. 
If 5" has vertices E1,E2,E3,E4 and faces 7Zl,TZ2,Tz3,Tz4 , then J f  and a circumscribed 
.Y-- are compatible if each section 7ti N ~ is compatible with the corresponding triangle 
E:EkEI, {i, j ,k,l} = {1,2,3,4}. 
Theorem 2.5. Let j~r be a Hermitian surface in PG(3,q2), q odd. 
(a) There exists a maximal 8 with e = 2q+2, and the points of g lie on two skew 
lines; 
(b) I f  there exists ~ such that any four of its points form a tetrahedron J- com- 
patible with J~f, then e~<t0. 
Proof. The proof is based on the following two results: 
(1) (O'Nan [7]) A tangent set of a Hermitian arc cannot contain a quadrangle. 
(2) (Hirschfeld-Thas [5 p. 61]) If  the points X and Y are not on ~,  then the line 
XY is a tangent o ~# if and only if, with K the matrix of ~ ,  
(xg(xq)T)  (yK(yq)  T) = (xK(yq)T) q+l. (6) 
Let the notation be the same as in the proof of Theorem 2.1. Assume that the points 
E1,E2,Ea,E4 of 8 are the points of reference, and the common point of the line EiEj 
and ~ is the point Pij, for which the ith and jth coordinates are 1 and the other two 
coordinates are 0. 
Let the matrix of the Hermitian variety ~ be 
al l  a12 a13 a14 
/ 
K-  a21 a22 a23 a241. 
a31 a32 a33 a34]  
an1 a42 a43 a44/  
The points Ei and Pij are conjugate points in the polarity induced by J~. So eiK(pq) T = 
0 for all i and j, from which we obtain that aij + aii ---- O. Hence dg has the matrix 
-1  1 -1  -1  
K = -1  -1  1 -1  ' 
-1  -1  -1  1 
Suppose that 8 has a point P which does not lie on any face of the tetrahedron 
E1E2E3E4. We may assume that P has coordinate vector 
p = (a,b,c, 1). 
The four lines PEi are tangents to J l ;  so the coordinates of P and Ei satisfy Eq. (6): 
ab q -k- aqb q- a q -~- a + b q q- b = 0, (7) 
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acq + aq c -k aq -k a + cq -t- c = O, 
be q + bq c + b q -q- b -.1- c q + c : 0,  
ab q + aq b + ac q + aq c + be q + bq c : O. 
Manipulating these equations we get 
a + a q : -  be  q + bqc, 
ac  q -b aqc = b q- b q, 
ab q + aqb = c + c q. 
We distinguish two cases. 
(i) I f  b = b q, then from (11) and (13) we obtain 
(b 2 - 1)(c + C q) = O. 
(8) 
(9) 
(lO) 
(11) 
(12) 
(13) 
I f  c+cq = 0, then from Eq. (9) we get b = 0, a contradiction. I f  b =-1 ,  then 
Eq. (7) becomes 2 = 0, again a contradiction, since q is odd. Finally if b = 1, 
then Eqs. (7) - (9)  give 
a + a q = - 1, ac q + aqc = 2, c + c q = - 1. 
It is easy to see that, if the coordinates of  P satisfy these equations, then the lines PE i  
are tangents to Of". 
(ii) I f  a = a q or c = C q, then we get the same result by permuting the letters a, b 
and c. So we may assume that a ~ a q, b ~ b q and c ~ cq. Solving (11) and (12) for 
a, we obtain 
b2 c q + bq+ l c - c - cq 
a = (14) 
b - bq 
From ( 11 ) and (13) we obtain 
cZb q + cq+lb - b - b q 
a = (15) 
C -- ¢q 
Eliminating a and further manipulation give 
(b - c ) (b  - 1 )(c - 1) = O. 
I f  either b = 1 or c = 1, then we retrieve the solutions of  ease (i). Finally if b = c, 
then from Eqs. (8), (11) and (12) we have 
bq+l(2b + 1) 
b q+l + b q + b -~ O, a - 
b - bq 
It readily follows that if the coordinates of  P satisfy these equations, then the lines 
PEi  are tangents to ~#. We can permute the letters a, b and c in this case as well. 
So there are six classes of  solutions, but any solution has the property that two coor- 
dinates of  P are equal. Hence, if P E oU, then P lies in one of  the planes which have 
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equation xi = xj. But these planes contain two points Ek, and elementary calculation 
shows that no two solutions from the same class are collinear with any Ek. So, by 
O'Nan's  result, 6 ~ contains at most one extra point from the planes xi = xj. 
This completes the proof of part (b). 
Now suppose that at least one of the coordinates of P is 0. Applying O'Nan's  result 
again, we have that P lies one of the lines EiEj. Without loss of generality we may 
assume that P has coordinates (d, 0, 0, e). The lines E2P and EaP are tangents to ~ ' ,  
which means that 
de q + dqe = O. 
I f  de # O, then this equation becomes (d/e) q-1 = -1 ,  which has q -1  solutions. Hence 
we can choose q - 1 points on the line EIE4 other than E1 and E4 as points of 6 ~ . 
Using the results of  the previous part of the theorem and the result of  Hirschfeld 
and Thas, elementary calculations how that 6 ~ cannot contain a point on the line E1E4 
and a point from the plane xixj at the same time. Hence, if P C 6 ~, then the points of  
\ E1E4 must be on the line E2E3. 
Let Q be any point on the line E2E3; then Q has coordinates (O,f,g,O). The lines 
E1Q and EaQ are tangents to ~¢~, which means that 
fgq + fqg  = O. 
I f  gf  ~ O, then this equation becomes ( f /g)q-1 = -1 ,  which has q - 1 solutions. 
I f  p = (d, O, O, e) with dqe + de q = O, and q = (0, f ,  g, O) with fqg  + fgq = O, then 
pK(pq)T = dq+l + eq+l, qK(qq)T = fq+l ..[_ #q+l and pK(qq) T = ( -d  - e ) ( f  q + gq). 
So the line PQ is a tangent o i f ,  since 
( ( -d  - e ) ( f  q + gq))q+l 
= (d + e)(d q + eq) ( f  + g) ( fq  + gq) -- (d q+l + eq+t)(f  q+l + gq+l). 
So in this case o ~ contains 2q + 2 points, with q + 1 of  them on each of the lines E1E4 
and E2E3. 
The proof of the theorem now is complete. 
Now we turn to arcs. 
Theorem 2.6. For any • and c satisfying ½ < ~ < 1 and O < c or ~ = 1 and 
1 there exists a constant q(~,c), such that, if ~ is an arc which has cq ~ 0<c<~ 
points and q > q(c~, c), then e > 3. 
Proof. Let ~ff be a k -a rc  with k = cq ~, and let g and h be two tangents of  ~ff. 
There are at most k -  2 tangents through F ---- g N h different from both g and h. 
So at least (q + 2 - k - 1)(k - 2) tangents of  ~Y~ meet both g and h in points other 
than F, G = g A ~ and H = h A ~,~. Let G1,G2 . . . . .  Gq-I be the points of  g other 
than G and F. Let ~i be the number of tangents through G~ distinct from g. We can 
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assume that 0~q_ 1 ~0~q_ 2 ~ "" • ~0~ 1. Suppose that e = 3. This means that there do not 
exist points Gi, Gj on g and points//1,/-/2 on h such that the line joining any two of 
them is a tangent of ~f'. Let J i  be the set of the 0~i points which are the intersections 
of the tangents through Gi and h, and J j  be the set of the aj points which are the 
intersections of the tangents through Gj and h. Then the cardinality of the set o¢" i ['~ J j  
is at most 1 for all i and j. Hence 
0q +(0~ 2 -- 1 )+(~ 3 -2 )+ "'" + (ak -k+ 1) < q -  1. 
But 
0~ 1 + (5  2 --  1) + (O~ 3 -- 2) +. . .  + (ak - k + 1) 
_ _  k 2 k 3 >k(q+2-k -  1) (k -  2) (k -  1)k> 
q -1  2 2 q 
If q is big enough and k = cq ~, then 
k 2 k 3 3k _ c2q 2~ c3q3~_ 1 3cq ~ >>-q, 
2 q 2 2 2 
which is a contradiction. 
This proves the theorem• [] 
3k 
The inequality of this theorem is sharp if k = q - 1; see Example 3. In general e is 
much larger than 3; see Example 4. 
3. Theorems of  type 2 
In this section ~,  denotes the projective space PG(n,q), and O(n) = q" + qn- l+ 
• .. + q + 1 the number of points of ~, .  
Lemma 3.1. I f  k + e = q2 + q + 1 in ~2, then ~ is a line and e = q2. 
Theorem 3.2. In ~2, if the number of  the lines joining two points of  ~Y" is at least 
q+ l, then e < (q2+q+l ) /2 .  
Proof. Suppose that e t> (q2 + q + 1)/2. Any line joining two points of ~ contains 
at most one point of g. The number of distinct points on q + 1 lines is at least 
(q+ 1)q - (q+ 1) (q -2 ) /2  = (q+ 1)(q+2)/2. So this set contains at least (q+ 1)(q+ 
2) /2 -  (q + 1 ) = (q + 1 )q/2 points not in g. But this means that the cardinality of the 
set ~ tA 8 is at least 
(q + l )q/2 + (q2 + q)/2 + l = q2 + q + l, 
the total number of points on the plane. So ~Y" is a line. 
This contradiction proves the theorem. [] 
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Corol lary 3.3. I f  k > q and e > (q2 ÷ q + 1 )/2 in ~2, then 3t ~ is a line. 
Theorem 3.4. In ~2 let B(g) be a blocking set of the lines meeting ~ in at least 
two points and let £P be the set of the lines joining at least two points of B(¢). I f  
e >~ (q2 + q + 1)/2, then the cardinality of ~ is greater than q. 
Proof.  Suppose that the cardinality of B(g) = q + 1 - r. Let E be any point of g. 
There are q + 1 lines through E and suppose that q + 1 - r points block the lines 
meeting g in at least two points. So there are at least r lines through E meeting 8 
only in E. Hence the number of the lines meeting ¢ in at most one point is greater 
than r(q 2 + q + 1)/2. 
On the other hand, if f is the cardinality of the set ~ = ~2\g,  then f = q2 + q + 
1 - e/> (q2 + q)/2. Let ni be the number of the lines which have exactly i points in 
~,~. Calculate the number of the triples (G,H, l), where G and H are points in J~ and 
both of them are incident with the line l, in two different ways: 
/q~+q\ 
( f )  =n2÷ (32)n3÷'"÷ (~)nq÷ (q21)nq+l<~ ~ ) .  
So 
(~J-2 ~/ (q~ (q+l ) (q+2)  
nq ÷ nq+l < \ 2 / / \2 J  = 4 
As r(q 2 + q + 1 )/2 < r/q ÷ rlq+l, so we have 
r < (q÷ 1) (q÷2)  < 1. 
2q 2 + 2q + 2 
So r~<0 and the cardinality of B(g) is at least q + 1. Hence the cardinality of ~a is 
greater than q. 
Theorem 3.5. In ~2, /f e > (q2 + q + 1)/2, then 3f ~ is a line. 
Proof.  ~ is a blocking set of B(g). So by the previous theorem it contains more than 
q points. Applying Corollary 3.3 we obtain that 3ff is a line. 
Lemma 3.6. Let ~ be a point set in ~,,  n>~3, of cardinality f > O(n)/2. Then the 
number of hyperplanes meeting ~ in more than O(n)/2 points is at least q2 + 1. 
Proof. Let hi be the number of the hyperplanes which have exactly i points in ~n\~.  
Calculate the number of (n + 1)-tuples (P1,P2 . . . . .  Pn ,~) ,  where ~vf is a hyperplane 
and the Pi are points in ~ fq (~n\~) ,  in two different ways: 
(O'n'n hn+(n+')hn+l÷ 
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So the number of the hyperplanes meeting ~ in at most O(nl)/2 points is less than 
(O(n)n- f ) / (O(n)n /2)  
if O(n) even, and 
(O(n) n- f ) / ( (O(n)+n 1)/2 )
if O(n) odd. 
It is easy to calculate that both of these numbers are less than q" +qn-1 +. . .  +q3 +q 
if f > O(n)/2. As the number of the hyperplanes in ~n is O(n), so the number of the 
hyperplanes meeting ~- in more than O(n)/2 points is at least O(n)- (qn +q,-1 +. . .  + 
q3 + q) = qZ + 1, as required. [] 
Lemma 3.7. In PG(n,q) with q > 2, tf ~ contains an (n -  2)-dimensional subspace 
o,~ffn_2 and a line l such that ~-2  N l = O, then e<~(q+ 1)0(n - 2) < O(n)/2. 
Proof. As PG(n,q) is generated by ~ffn-2 and l, so the (q + 1)0(n - 2) lines joining 
the points of l and the points of 3¢~,_2 contain all points of PG(n,q). Each of these 
lines contains at most one point of 8; so 
e<~(q + 1)O(n - 2) = O(n- 1) + O(n - 2) -  1 < O(n)/2 
if q > 2. Thus the lemma is proved. 
Theorem 3.8. Let a~ff be a set of points in ~n = PG(n,q), q > 2, and let 8 be a 
tangent set of J~ff. If  e > O(n)/2, then ~ff is a hyperplane. 
Proof. We prove this by induction on n. If n = 2 then Theorem 3.5 gives the desired 
result. 
Suppose the theorem is true if the dimension is less than n. Let ovfl be a hyperplane 
of ~ ,  which contains at least O(n - 1)/2 points of 8; then j f l  exists because of 
1 Lemma 3.6. Applying the assumption, there is an (n -  2)-dimensional subspace ~n-2  
such that Knl_2 = JY( n 9f ~1. The number of the hyperplanes through YY~-2 is q + 1. So 
by Lemma 3.6 there exists another hyperplane ~f~2 which contains at least O(n- 1)/2 
1 ~2 2 2 points of 8 but does not contain ~('n-2" So n o'~ ~-~ J{ 'n -2 ,  where J~/'n--2 is distinct 
1 from ~ff,-2. 
1 2 If o,~ff~_2 and ~Y'n-2 are not in the same hyperplane, then there exists a line l in 
2 1 ~g'n--2 which has no point in common with J~("n--2" Applying Lemma 3.7 we have 
e < O(n)/2, a contradiction. If they are in the same hyperplane then the number of 
the hyperplanes through at least one of them is (q + 1) + q < q2 + 1. In this way 
we can successively choose q different subspaces )Ki_2 of dimension -  2 such that 
oY(/_2 C ~ for all i. If not all of them are in the same hyperplane, then Lemma 3.7 
gives the result. 
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If  all of  them are in the same hyperplane ~,  then we distinguish two cases: 
(i) I f  there exists an (n -  3)-dimensional subspace of  n--3 such that o f i -3  N o f  in-3 = 
o f  n-3 for all i and j then o f  has at least q(O(n-2) -O(n -3) )+O(n-3)  = 
(qn _ 1 ) / (q  - 1 ) - qn -2  points in ovy. I f  K is any point of o f \~  then the lines joining 
K and the points of of" N ~ contain at least q( (qn  _ 1)/(q - 1) + q, -2)  + 1 points 
of  ~,  and each of these lines contains at most one point of ~. Hence the maximum 
number of  points of  ~ is 
O(n)  - ( (qn+l  _ q) / (q  _ 1 ) + qn-1 + 1 ) + (qn _ 1 ) / (q  -- 1) + qn-2 <~ O(n) /2  
since q > 2. 
So in this case all points of  o f  are in o~¢f. 
(ii) I f  there exist at least three (n - 2)-dimensional subspaces uch that the intersec- 
tion of  any two of them are different (n - 3)-dimensional subspaces then ~¢~ contains 
at least 
O(n - 2) + (O(n  - 2) - O(n - 3)) + (O(n - 2) - 20(n  - 3))+ 
. . .  + (O(n - 2) -  (q -  1)0(n - 3)) 
= qO(n - 2) - q(q  - 1)0(n - 3)/2 > O(n - 1)/2 + O(n - 2)/2 
points of  of.  Any line of ~¢g contains at least two points of  of ;  so Jef contains at most 
one point of  ~. I f  K is any point of  of\god then the lines joining K and the points of 
o f  N ~ contain at most one point of  ~. So the maximum number of  points in 8 is 
O(n)  - O(n - 1 ) + 1 - q (O(n  - 1 )/2 + O(n - 2)/2) + O(n - 1 ) + O(n - 2) ~< O(n) /2 .  
So, also in this case all points of off are in Jr .  
Suppose H E ~\o f .  There are (O(n)  - 1 ) /q  = O(n - 1) lines through H, and none 
of them contains more than one point of  ~; if El,E2 E o ~ and H is on the same line, 
then the intersection of  this line and o f  would be empty, a contradiction. Hence 
contains at most O(n-  1) < O(n) /2  points, contrary to our assumption. So all points 
of  ~ belong to of.  This means that o f  = ~t ~. 
The proof is now complete. 
We guess that this theorem is true if e > 20(n  - 1). Example 5 shows that the 
theorem is not true if e < 20(n  - 1) - qn-1 .  
4. Examples 
(1) Let o f  be a Baer subplane of ~ = PG(2, q2). There are q4 _ q points in ~\o f .  
Let E~ be one of these points. There is exactly one line through E1 which meets off in 
more than one point. Let us denote this line by el. Now we can define the points Ei 
and the lines ei by induction. If we have defined E1 . . . . .  Ek and el . . . . .  ek, then let Ek+~ 
be any point of  the set ~\  (of" U ex U e2 U.. .  U ek). We can choose E1,E2 and E 3 such 
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that they are not collinear; so these points form a tangent set of ~r. The cardinality 
o fe i s  (q4+q2q_ l ) _ (qZ_4_q+l ) / ( (q  2 -q -1) - (q+l ) ) - -q2+q+l .  
(2) Let J l  be the singular quadric in PG(7,3) which is given by the matrix (1). It 
has a tangent set containing 12 points: the eight points Ei of reference together with 
FbF2,F3,F4 where the coordinate vectors are 
f l=(  1, 1, 1, 1, 1, 1 ,1 , -1 ) ,  
f2 = ( 1, 1, 1, -1 ,  -1,  -1 ,  1, --1), 
f3 = ( -1,  -1,  --1, -1 ,  -1,  --1, 1, --1), 
f4=( -1 , - -1 , - -1 ,  1, 1, 1,1, - -1) .  
The coordinates of the Fj satisfy Eq. (2); so the line joining Ek and Fj is a tangent 
of 3ff for all k and j. The lines joining any two of the Fj are also tangents of o~ff, 
because if the kth coordinate of Fj is fjk, then elementary calculation gives that 
14 
( f  i + t~)A( f  i + tfJ) z = Z( f i k  + t f  Jk) 2 = 2(t + 1) 2. 
k=l 
Hence the point Fi + tFj is on o~ff if and only if t = - 1; so the line FiFj is a tangent 
to ~ff. 
(3) Let .~ be an oval, and let ,gff be the set -~\{P1,P2}. Suppose o ~ contains at least 
five points, El,E2 ..... Es. This means that 8 contains at least four points not in 2, 
because the line P1P2 is not a tangent of ~ff. The lines EkE4 for k = 1,2,3 contain 
one of the points P1,P2, since through any point of the plane there are at most two 
tangents of 2. So at least two of these three lines contain the same Pi, which means 
E4 = Pi. Hence ¢ contains at most four points: three points E1,E2,E3 not on o~ff, and 
one point Pi on .~. 
(4) Let q - 3 (mod 4), and identify the points of AG(2,q) and the elements of 
GF(q 2) in the natural way; the point (x,y) corresponds to the element x + iy, where 
x,y E GF(q) and i E GF(q 2) with i 2 =- -1.  Consider the set Q = {x+iy : x2+y 2 = 1}. 
These elements form a subgroup of the cyclic multiplicative group of GF(q2). Let # 
be a generator of this subgroup. So Q has q + 1 elements which are represented by 
9,9 2 ..... 9 q+l. Let Ai be the point of AG(2,q) corresponding to 9 i, and let J{" be the 
set {A2,A4 .. . . .  Aq+l}. (If R1R2...Rq+I is a regular n-gon in the euclidean plane, then 
the lines AiAj and AkAt are parallel in AG(2,q) if and only if RiRj and RkRt are 
parallel ines in the euclidean plane. Because of this property A1,A2 ..... Aq+l is called 
an affine-regular (q + 1)-gon.) Let Ej be the point which corresponds to the element 
(1 + 9)g/. We will choose the points of ~ from the set {E2,E4 . . . . .  Eq+l}. 
The lines EjEk and Ao+k~/2_iA(j+k+2~/2+i are parallel for all i, and they have a 
common point if the equation 
(1 + g)(gJ + gk) = gCi+k)/2-i + g(.l+k+2)/2+i 
has a solution in i. This is an equation of degree two in gi; so it has a solution if its 
discriminant is a square. Elementary calculation shows that this happens if and only if 
J. I4~P. Hirschfeld, G. Kiss~Discrete Mathematics 155 (1996) 107-119 119 
(1 + 2g + g2)(gj-k -k- 2 + O d+k) -- 4g is a square. I f  k is fixed, then approximately one 
half of the possible values of j give a square. So after choosing the first element of g, 
approximately q/4 points can be chosen as another point of g. In this way we halve 
the candidates at each step. Hence we can choose approximately logzq points in ~. 
(5) Let j(fo, y f l ,  ~2  be three hyperplanes uch that ) f f°N Off 1 n ~2 = ~n-2  is 
an (n -  2)-dimensional subspace. Let ~ln_ 2 C 9¢f I and 5°2,_2 C ~(f2 be two (n -  2)- 
dimensional subspaces uch that l 2 ~n-2n~n_2n~n_  2 = ~/[n-3 is an (n-3)-dimensional 
subspace. I f  3ff (~4~o 1 2 = \~n_2)U~n_2U~n_  2 then g = ((ovgl Uog~2)\,~n_2)U~///n_3 
is a tangent set of JU. In this case e = 20(n - 1) -  O(n - 2) + O(n-  3) > O(n - 1) 
and )ff is not a hyperplane. 
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